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Goal

� Apply time-dependent reliability/durability 
concepts to address prognostic CBM using

• Available data (limited, censored)

• “Expert” opinion

• Computer simulations (physics-of-failure 
data)
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What is Reliability?

Reliability at time t is the probability that the system 
has not failedbefore time t.

0 T timet

failure

( ) ( ) ( )tTPtTPtR ≤−=>= 1 Time-Dependent 
Reliability
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What can we Get from Time-
Dependent Reliability?

� Define lifecycle cost and 
design for it.

� Use R(t) in CBM to determine 
“time to maintenance.”

� Design for:

• Lifecycle cost

• Quality

• Warranty

• Maintenance schedule Time for 
Maintenance

Acceptable 
Reliability

Time
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Definitions / Observations

0 Lt time
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Time-Variant Reliability
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Time-Invariant Reliability

≠

Reliability: Ability of  a system to carry out a function in a time period [0, tL]

Cumulative 
Prob. of Failure
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Lifecycle Cost= Production Cost

+ Inspection Cost

+ Expected Variable Cost

Quality Time-Dependent System Reliability

Accurate and efficient predictive tools are needed to estimate Time-
dependent System Reliability

Design for Lifecycle Cost
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Design for Lifecycle Cost
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How Can we Use it in Design?

� Specify a Desired System Reliability in Time
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How Can we Use it in Design?

Mt
XX σµd ,,

max

� Determine Optimal Time to Maintenance in CBM
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We Need

� A Tool to Estimate the PDF of Time Between 
Failures (TBF) using limited, censoreddata

• “Frequentist” approach (Method 1)

• Bayesian updating approach (Method 2)

� “Enhances” data with expert opinion

� A Tool to Estimate System (Vehicle) Reliability

• Monte Carlo Simulation
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Reliability Basics for 
Non-Repairable

Systems
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Reliability of Non-Repairable Systems

0 T timet

failure
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Reliability of Non-Repairable Systems
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0 T time
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Reliability Calculation

All we need for calculating the 
reliability of a system (non-repairable

or repairable) is the system PDF of 
time to failure (TTF)

We use :

� Data to estimate the PDF of TTF for each component

� Monte Carlo simulation to estimate the PDF of TTF 
for the system
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� Two approaches will be presented:
• Censored MLE approach (Method 1)

• Bayesian updating approach (Method 2)

� “Enhances” data with expert opinion

Estimation of the PDF (or 
CDF) of the TTF (TBF) using 

Limited, Censored Data
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6027 1738412011 200000

6027

5984

5373

Original data Updated data 
Vehicle# mileage Vehicle# mileage

10 741 1 10247 
4 5273 2 9044 
7 6027 2 8977 
5 7398 3 13984 
6 7495 3 4064 
2 9044 4 5273 
1 10247 4 9747 
8 12008 5 7398 
7 12011 5 7611 
9 12014 6 7495 
10 12074 6 7516 
3 13984 7 6027 
5 15009 7 5984 
6 15011 7 5373 
4 15020 8 12008 
7 17384 9 12014 
2 18021 10 741 
3 18048 10 11333 

Group L1
Time Between Failures 

(TBF)

Limited Data

Censoring Mileage



20UNCLASSIFIED: Dist A. Approved for public release

Censored MLE Approach (Method 1)

� Using available limited data (TBFs and censoring mileage), 
“estimate” PDF of TBF using acensored MLE approach.

� Tail sample the PDF of previous step to “enhance” the 
original limited data.

� Using “enhanced” data from previous step, “better 
estimate” the PDF of TBF using an uncensored MLE
approach.

� Using the PDF of previous step, a Bootstrap approach 
estimates statistics of TBF(e.g. distribution of MTBF, 
distribution of TBF standard deviation, etc.)
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Bayesian Updating Approach (Method 2)

� Use a Bayesianapproach to estimate statistics of TBF(e.g. 
distribution of MTBF, distribution of TBF standard deviation, 
etc.). The Bayesian approach:

� Refines estimate by progressivelycollecting data on a 
“as needed” basis.

� Allows fusion of available data with “expert” opinion.
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6027 1738412011 200000

6027

5984

5373

Original data Updated data 
Vehicle# mileage Vehicle# mileage

10 741 1 10247 
4 5273 2 9044 
7 6027 2 8977 
5 7398 3 13984 
6 7495 3 4064 
2 9044 4 5273 
1 10247 4 9747 
8 12008 5 7398 
7 12011 5 7611 
9 12014 6 7495 
10 12074 6 7516 
3 13984 7 6027 
5 15009 7 5984 
6 15011 7 5373 
4 15020 8 12008 
7 17384 9 12014 
2 18021 10 741 
3 18048 10 11333 

Group L1
Time Between Failures 

(TBF)

Notation
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Beta Distribution
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A = 0

B = 45,000 miles

p = 3, q = 5                

( ) ( )0,0and,,,,,~d >>≤≤= qpBXAqpBAXM iii β

( ) ( ) ( ) ( ) ( ) ( )0,0,,,,, 1111 >>≤≤−−− −+−−− qpandBxA  ,ABxBAxp,q=βqpBAxf qpqp

Observation / Assumption
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Observation / Assumption
� Beta distribution family is used to model TBF.

( ) ( ) ( ) ( ) ( ) ( )0,0and, , ,,,, 1111 >>≤≤−−− −+−−− qpBxAABxBAxp,q=βqpBAxf qpqp

A=0, B = 30000



25UNCLASSIFIED: Dist A. Approved for public release

MLE Approach
Determines parameters (A, B, p, q) of “most likely” Beta 
distribution using available data. It provides Likelihood 
function in Bayesian estimation.

( ) ( )[ ]∏∏
==

−
sF N

j
j

N

i
i

qpBA
qpBAxFqpBAxfMax

11
,,,

,,,,1,,,,

# of recorded 
failures # of survivals

Beta PDF Beta CDF

Censored MLE

( )∏
=

N

i
i

qpBA
qpBAxfMax

1
,,,

,,,,

Uncensored MLE
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Bayesian Updating
� Progressively updates estimated Betaparameters (A, B,

p, q) using prior knowledge and available new data. 

� It allows to “ fuse” available data with expert opinion.

( ) ( ) ( )θθθ iorDATALPosterior Pr/ ∗∝ { }qpBA=θwith

{ }SF DATADATADATA =
failures survivals

( ) ( ) ( ) ( ) ( )[ ]∏∏
==

−==
SF N

j
j

N

i
iSF xFxfDATALDATALDATAL

11

,1,/// θθθθθ

where:

and
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1. Enter recorded failure data
2. Data sorting
3. Histogram of recorded failure data
4. Maximum Likelihood Estimation (MLE) with 

censoreddata
5. Tail sampling to get inferred failure mileage
6. Histogram of both recorded and tailed failure data
7. MLE with uncensored data (considering tailed data)
8. Failure probability boundsare calculated by 

Bootstrap method

Censored MLE Approach (Method 1)
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1. Enter recorded failure data
• Artificial data used: 15 vehicles, 4 tires each side, 
• Mthreshold =30,000 miles
• Beta distribution: A=0, B=45,000, p = 3, and q = 5

( ) ( )0,0and,,,,,~d >>≤≤= qpBXAqpBAXM iii β

Censored MLE Approach (Method 1)
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2. Data sorting
�Sort recorded failure data (white cells)
�Retrieve “failure mileage” data (164) and “survival 

mileage” data (120)

Censored MLE Approach (Method 1)
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3. Histogram of recorded failure data
• Considers failure mileage data
• DOES NOT consider survival mileage data

• Histogram shape may change with different number of bins and ranges

• Histogram, PDF, and CDF of the failure data

Censored MLE Approach (Method 1)
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Censored MLE Approach (Method 1)
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4.  Maximum Likelihood Estimation (MLE) with censoreddata
• Considersfailure mileage data

• CONSIDERSsurvival mileage data as “censored” data
• The beta distributed CDF by MLE with censored data, shows that the 

CDF without survival mileage data is left-biased

Censored MLE Approach (Method 1)
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5. Tail sampling to get inferred failure mileage
• Tailed failure mileage data represents inferred failure 

mileage data of the “survived” tires

Censored MLE Approach (Method 1)



34UNCLASSIFIED: Dist A. Approved for public release

6. Histogram of both recorded and tailed failure data
• Includes failure mileage data
• Includes also tailed failure mileage data
• The “tailed” samples may go beyond

the threshold mileage of 30,000
• MLE with censored data fits a beta 

distributed CDF to sample data with
tailed mileage

Censored MLE Approach (Method 1)
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7. MLE with uncensoreddata considering tailed 
failure data

• Includes both recorded failure data and “tailed” data
• Using MLE with uncensored data, a beta distributed 

CDF is fitted to the recorded and “tailed” data
• Failure probability is calculated

Censored MLE Approach (Method 1)
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8. Failure probability bounds are calculated using Bootstrap
• Both recorded and “tailed” data are used.
• 5000samples (sets of sample points) are randomly generated 

from the recorded and “tailed” sample.
• Failure probability bounds with confident level of 0.9 are 

calculated.
• Statistics of  other parameters are provided (mean of failure 

mileage, std dev of failure mileage,  parameters p and q, and 
probability of failure).

Censored MLE Approach (Method 1)
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Censored MLE Approach (Method 1)
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Censored MLE Approach (Method 1)
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� Specify “PRIOR” distribution

� Calculate “LIKELIHOOD” distribution

� Calculate “POSTERIOR” distribution

Bayesian Updating Approach (Method 2)
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1. Specify “PRIOR” distribution
� “PRIOR source” Option 0: Uniform (non-informative) distribution
� “PRIOR source” Option 3: Normal distribution for each parameter 

-- Expert opinion

Bayesian Updating Approach (Method 2)
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1. Specify “PRIOR” distribution (Cont’d)
� “Updated Parameter Distribution Table” and 2-D Diagram
� “PRIOR source” option is automatically set to 1

Bayesian Updating Approach (Method 2)
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2. Calculate “LIKELIHOOD” distribution
� “Updated Parameter Distribution Table” and 2-D Diagram

Bayesian Updating Approach (Method 2)
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3. Calculate “POSTERIOR” distribution
� “Updated Parameter Distribution Table” and 2-D Diagram

Bayesian Updating Approach (Method 2)
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3.  Calculate “POSTERIOR” distribution (Cont’d)
� Updated “PRIOR source”

� Best estimated (most probable) parameters (peak point of 
posterior distribution)

� Means and stand. deviations of parameters; Obtained by 
sampling posterior 5000 times

� Ranges (min, max) of parameters

Bayesian Updating Approach (Method 2)
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3. Calculate “POSTERIOR” distribution (Cont’d)
� PDF and CDF of Failure Probability and Its Bounds (sampling 

posterior 5000 times)

Bayesian Updating Approach (Method 2)
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Summary

Two methods have been presented to 
estimate statistics of Time Between 
Failures (TBF) using limited, censored 
data 

• Censored MLE approach (Method 1)

• Bayesian updating approach (Method 2)

� “Enhances” data with expert opinion
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Potential Developments in 
Durability, Reliability, 

Availability and Maintainability
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Demonstration
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Reliability Allocation
( )tR

T

11R
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3R

1t 2t 3t
t

0

Relia
bility

Specifysystem (vehicle) reliability

Determine required reliability of EACH component

Optimization

This optimization problem DOES NOT
have a unique solution
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Reliability Allocation

Cost
compR

min

tRliabilitySystem =Res. t.

Target system 
reliability

By varying        , we get the so called “Pareto Frontier.”tR

One way to get a unique solution is to trade-off 
reliability and associated cost
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Reliability vs Risk of Failure (Cost)

We want to maximize Reliability and simultaneously 
minimize Risk of failure (cost)

Cost
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Putting it All Together !!!

Uptime

MFFOPp : Probability of 
achieving MFFOP

Downtime

MFFOP

Minimum-Failure-Free-Operating 
Period

0 time

Failure

Determine component hazard ratesto:

� Max Reliability

� Min Cost

� Max Availability

� Max MFFOP

� …

[ ]
[ ] [ ]DowntimeEUptimeE

UptimeE
tyAvailabili

+
=

Multi-Objective 
Optimization
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Q & A


